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Abstract
We show that asymmetric time-continuous discrete random walks can display bistability
for equal values of Jauslin’s shifting parameters. The bistability becomes more pronounced
at increased asymmetry parameter.
PACS 02.50.Ga - Markov processes
PACS 05.20.Dd - Kinetic theory
In a previous paper [1], two of us presented an extension of a supersymmetric analysis of the
three-site discrete master equation due to Jauslin [2]. The essential procedure in this approach
is the so-called addition of eigenvalues (shifting parameters) method that one may consider as a
variant of the negative factorization energy case in the Witten susy scheme as we showed in [1].
Jauslin showed that the supersymmetric master evolution can be put into the following iterative
form
1
Hk−1φk−1 = −λkφk−1, k ≥ 1 (1)
This iterative procedure is based on the initial (k = 1) master “Hamiltonian” operator which
for homogeneous random walks (jump rates not depending on site) is [1]
H0 = −(c1c2)1/2
∂2
∂n2
+ c1 + c2 − 2(c1c2)1/2 (2)
c1 and c2 are the forward and the backward jump rates, respectively.
Already at the second step (k = 2) Jauslin’s method generates bistability in the stationary
probability (H2P
st
2 = 0) if the second eigenvalue is chosen to be at least two orders of magnitude
smaller than the first one as shown in [2] for the case of free random walks (c1 = c2 = 1/2)
and confirmed by us [1]. Multistability can be produced by adding more eigenvalues. This is of
course an interesting way of generating bistability and multistability in a master equation.
In this note we want to report on generating bistability in Jauslin’s scheme with the two
eigenvalues λ1 and λ2 chosen to be equal. We have found that this is possible for asymmetric
(or driven) one-step discrete random walks, e.g., possessing jump rates of the type c1 =
1
2(1+ ǫ)
and c2 =
1
2 (1 − ǫ), with ǫ a bias parameter. The idea is to see what happens if we keep the
eigenvalues equal (no bistability) but change the other control parameter of the problem which
is the degree of asymmetry (or the bias) ǫ. We have found a nice build-up of bistability with
increasing ǫ (see the figure) for the stationary state P st2
P st2 (n) = const×
2
(1− ǫ2)1/2φ1(n)φ1(n− 1)
(3)
with
φ1(n) =
(1− ǫ2)1/4√
2
[(a(n))−1/2 sinh(γ2n)− (a(n))1/2 sinh(γ2(n− 1))] (4)
where a(n) = cosh(γ1n)cosh(γ1(n−1)) , and γ1 = arccosh[
(1+λ1)
(1−ǫ2)1/2
], γ2 = arccosh[
(1+λ1+λ2)
(1−ǫ2)1/2
], with λ1 and λ2
being Jauslin’s shifting parameters.
As we said, P st2 is the stationary state of the H2 “Hamiltonian” which is of the same type as
H0, i.e.,
2
H2 = −(c
′′
1c
′′
2)
1/2 ∂
2
∂n2
+ 1− 2(c′′1c
′′
2)
1/2 (5)
with c
′′
1 =
1
2 (1− ǫ2)1/2
φ1(n−1)
φ1(n)
and c
′′
2 =
1
2(1− ǫ2)1/2
φ1(n)
φ1(n−1)
.
A possible application may be to the one-dimensional hopping propagation of charge carriers,
such as in (quasi) one-dimensional polymer chains, in the presence of a bias field. In this
case the relation between the asymmetry parameter and the electric field is (1 − ǫ)/(1 + ǫ) =
exp(−eEa/kT ), where E is the bias field, a is the lattice constant, and T is the thermodynamic
temperature. One concludes that bistability can show up either in strong fields or at low
temperatures.
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Figure Caption
Fig. 1 Stationary states P st2 (n) for an asymmetric discrete RW with shifting parameters
λ1 = λ2 = 0.01 and asymmetry parameter ǫ as follows:
a) ǫ = 0; b) ǫ = 0.25; c) ǫ = 0.50; d) ǫ = 0.75
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